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Abstract: We show, using the tunnehng method, that Lovelock black holes Hawking 
radiate with a perfect blackbody spectrum. This is a new result. Within the semiclassi- 
cal (WKB) approximation the temperature of the spectrum is given by the semiclassical 
Hawking temperature. Beyond the semiclassical approximation the thermal nature of the 
spectrum does not change but the temperature undergoes some higher order corrections. 
This is true for both black hole (event) and cosmological horizons. Using the first law 
of thermodynamics the black hole entropy is calculated. Specifically, the D-dimensional 
static, chargeless black hole solutions which are spherically symmetric and asymptotically 
flat, AdS or dS are considered. The interesting property of these black holes is that their 
semiclassical entropy does not obey the Bekenstein-Hawking area law. Furthermore, it is 
found that the leading correction to the semiclassical entropy for these black holes is not 
logarithmic and next to leading correction is also not inverse of horizon area. This is in 
contrast to the black holes in Einstein gravity. The modified result is due to the presence of 
Gauss-Bonnet term in the Lovelock Lagrangian. For the limit where the coupling constant 
of the Gauss-Bonnet term vanishes one recovers the known correctional terms as expected 
in Einstein gravity. Finally we relate the coefficient of the leading (non-logarithmic) cor- 
rection with the trace anomaly of the stress tensor. 
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1. Introduction 



The study of black holes is one of the rich and modern subjects of physics, thanks to 
Einstein's theory of general relativity of gravitation. The special behavior of the black hole 
event horizon together with nontrivial aspects of space-time infinities have created a lot 
of interest in this subject even within classical gravity. After incorporating the quantum 
behavior of the fields propagating in a fixed curved background, Hawking (1975) found 
that black holes were not really black as they were believed to be, rather they emit all kinds 
of particles with a perfect black body spectrum. His invention was inspired by the earlier 
works of Bekenstein Q . This remarkable discovery together with the first law of black hole 
mechanics established a strong connection with the first law of thermodynamics. Using 
this one can identify the black hole entropy as one quarter of it's horizon area. This is 
known as the celebrated "Bekenstein-Hawking area law" , given by ^gfj = 4^ ■ In a recent 
work we have made an analysis based on a purely thermodynamical viewpoint without 
using any analogy with the "first law of black hole mechanics" . Considering the black hole 
entropy as a state function, a systematic calculation naturally led to the known area law. 

All known black holes in Einstein gravity in any dimension satisfy the area law. These 
black hole solutions are generally found by solving the Einstein field equation which does 
not contain any higher curvature term (since the Einstein-Hilbert action contains the Ricci 
scalar as the only scalar curvature) . But one can always construct scalar curvatures by con- 
sidering higher curvature terms and include those in the starting Lagrangian to generalize 
the Einstein-Hilbert action. Lovelock Lagrangian (|2.1| ) is one such natural generalization 
which is a sum over all such higher curvature terms with the Einstein-Hilbert and cosmo- 
logical terms in the lowest order. The theory which includes only the first nontrivial higher 
curvature (Gauss-Bonnet) term to the other two lowest order terms in the Lagrangian is 
called the Einstein-Gauss-Bonnet (EGB) theory. In the equation of motion, obtained by 
varying the new action, one finds the Einstein equation modified by an extra part. Black 
hole solutions corresponding to this new equation of motion are called Lovelock black holes. 
In this paper we shall be dealing with the chargeless, static Lovelock black holes of the EGB 
theory [^, |6|, ^, ^, |^, [l^. The causal structures of Lovelock black hole spacetimes, 

which depend on the choice of parameters within it, sometime show some drastic differ- 
ences with the black holes in Einstein gravity. An interesting property of such Lovelock 
black holes is that they do not obey the usual semiclassical area law. The presence of the 
Gauss-Bonnet term in the action adds an extra additive term which can be written as a 
function of the horizon area. However, when the coupling constant of the Gauss-Bonnet 
term vanishes one recovers the standard area law again. 

Finding the corrections to the semiclassical Bekenstein-Hawking entropy, which can 
be very significant in Planck scale, has drawn a lot of interest these days. There exist 
several approaches to find these corrections. These are based on field theory |13], quantum 
geometry [^], statistical mechanics Cardy formula brick wall method ||l^ and 



tunneling method P, 18, 19, 2C, 21]. Despite the diversity among the approaches they all 



agree on the logarithmic correction as the leading correction to the area law ^. The only 



^For an extensive list of papers on logarithmic correction see |22 
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distinction occurs in the normalisation of the logarithmic term. While all these papers were 
confined to the black holes of Einstein gravity, surprisingly there is no such result which 
discusses possible quantum corrections to the semiclassical entropy for general Lovelock 
black holes. Furthermore, although it is usually considered that Lovelock black holes 
Hawking radiate, there is no analysis which directly yields the blackbody spectrum of 
radiation. The motivation of this paper is to address these issues. 

Here we show, using the tunneling mechanism, that Lovelock black holes Hawking 
radiate both scalar particles and fermions with a perfect blackbody spectrum. The tem- 
perature of the radiation exactly matches with the semiclassical Hawking temperature of a 
black hole. Though tunneling method is widely used to calculate the semiclassical Hawking 
temperature of a black hole there was a glaring omission since it failed to yield directly 
the blackbody spectrum. However in a recent collaborative work involving one of us |23| 
this gap was filled and the blackbody distribution was reproduced in this mechanism, in 
the context of Einstein gravity. This work followed from a reformulation of the tunneling 
phenomena proposed in [24|. In this paper we not only generalise these methods for the 
black hole horizon but also for the cosmological horizon corresponding to arbitrary D- 
dimensional spacetimes in Lovelock gravity. We then extend our method by going beyond 
the semiclassical approximation. It is shown that in presence of higher order corrections 
to the WKB ansatz the nature of the spectrum does not change. The spectrum remains 
purely thermal but the temperature receives higher order corrections to its semiclassical 
value. This is true for both the black hole (event) and cosmological horizons. 

We study the thermodynamic properties of three different chargeless, static black holes 
in arbitrary D- dimensions which are asymptotically flat, AdS and dS. Using the first law of 
thermodynamics, the entropy is calculated. The lowest order contribution just reproduces 



the semiclassical expressions [Q, 10, 12 1 for the entropy which are different from the area law 



found in Einstein gravity. Next, it is found that the leading correction to the semiclassical 
value is not logarithmic and next to leading correction is also not inverse of horizon area in 
general. The presence of the Gauss-Bonnet coupling, therefore, modifies the results of black 
holes in Einstein gravity in a nontrivial manner. In the limit where the coupling constant 
vanishes the familiar logarithmic and inverse horizon area terms reappear, as expected in 
Einstein gravity. The coefficient of the leading correction for each case is related with the 
trace anomaly of the stress tensor in D- dimensions. 

To put our analysis in a proper perspective we recall that Hawking radiation in the 
tunneling picture is usually described by two methods, namely, the radial null geodesic 
method ||2^ and the Hamilton- Jacobi method The second variant is also known as the 
method of complex path. A reformulation of these conventional approaches was necessary 
to yield the blackbody spectrum. Using this reformulation the modified spectrum for 
Lovelock black holes is calculated by going beyond the semiclassical approximation from 
which the corrected Hawking temperature also gets identified. The use of the first law of 
thermodynamics then leads to the corrected entropy. 

We organize this paper in the following way. In section ^ we introduce Lovelock black 
holes and discuss some of their properties. In section]^ we derive the blackbody spectrum of 
Hawking radiation for Lovelock black holes. Here we consider the radiation from both black 
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hole (event) horizon and also from the cosmological horizon. The semiclassical Hawking 
temperatures are reproduced for different spacetimes. Section ^ is used for the calcula- 
tion of the modified radiation spectrum by going beyond the semiclassical approximation. 
The corrected Hawking temperatures are found for different spacetimes. In section |5| the 
corrected entropy is calculated for each spacetime. The standard semiclassical expressions 
for the temperature and entropy are also reproduced in these sections. The relation of 
the coefficient of the leading correction to the trace anomaly is established in section |6|. 
Lastly we give our concluding remarks in section |^. We give a detailed description of our 
notations and definitions in three appendices and (|C|). 



2. Lovelock black holes 



Lovelock gravity is the most natural generalization of Einstein gravity in higher dimensions. 
Lovelock Lagrangian is the sum of dimensionally extended Euler densities, given by |28, 29 1 



= ^ Cm^m, (2.1) 



m=0 

where, 

Jj =2~"^5^^'^^ f^ml^m nai/Bi nCtml^m (2 2) 

ai/3l Om/3m Ml^^l A'ml'm' V • J 

The generalized Kronecker (5- function is totally antisymmetric in both sets of indices, 

%/3l "m/3m ~ rn! ["1-^1 "m/^m]- ^ > 

The coupling constants Cm have dimensions of [length] Let us first introduce the 
different terms in the Lovelock Lagrangian (p.l|). The first term (Lq) is usually set to 
unity and therefore cq represents the cosmological constant (A). An explicit computation 
yields Li = R which represents the standard Einstein-Hilbert term while L2 = {R? + 
RajJfiuR'^^'^'^ —^RfiuR'^'^) is the Gauss-Bonnet term. The Gauss-Bonnet term is a topological 
invariant in four dimensions and has nontrivial effects for D > 4. The theory involving 
only these three terms is known as Einstein-Gauss-Bonnet (EGB) theory. The interesting 
property of the Lovelock Lagrangian is that despite the presence of the Riemann tensor 
in the Lovelock Lagrangian, the equation of motion does not contain any derivative of 
Riemann tensor (i.e. only upto second derivative of the metric tensor). In this sense 
Lovelock gravity is very similar to Einstein gravity since in Einstein equation one has 
terms only upto second derivative of the metric tensor. Also, this theory is known to be 
free of ghosts when expanding around a flat space thereby evading any problems with 
unitarity. 

In the present paper we shall deal with all the chargeless static black hole solutions of 
EGB theory. The black hole solutions characterized by the mass parameter (M) only can 
be categorized in three different classes. One of them is the asymptotically flat solution 
excluding the cosmological constant, whereas, the other two are de Sitter and anti-de Sitter 
solutions depending on the sign of the cosmological constant when it is included. In the 
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next section we give a collective information and comparison among the behaviour and 
thermodynamic properties of these black holes. These results are already present in the 
literature but we shall bring them together to construct the platform for the remaining 
work. 



2.1 Spherically symmetric, asymptotically fiat black holes 

Considering only the Einstein-Hilbert and the Gauss-Bonnet term in 
simplest higher-derivative Lovelock action which is given by 

1 



31) we find the 



levrG 



I d^x^ (^R + ^{R^ + Rap^.R"''^'' - 4R^uR^n^ (2.4) 



I 



where A (=2c2 in ( ^.l] )) is the coupling constant of the Gauss-Bonnet term having dimension 
of (length)^ and is positive in the heterotic string theory |5|. The spherically symmetric 
vacuum solution of the equation of motion corresponding to the above action is given by 
i I 0, i 

-2 - -f{r)dt^ + -^dr'^ + r'^dnjj^2, 



ds' 



with 



fir) 



1 + 



A 



fir) 



1 + e 1 + 



2u;A 

rD-l 



(2.5) 



(2.6) 



where A = X{D — 3){D — 4). The constant e has the value of ±1. Only e = —1 corresponds 
to an asymptotically flat metric. Here lo appears as an integration constant and for e = — 1 
(i.e. for the asymptotically flat case) it is related to the mass of the black hole as ||8| 

(D - 2)Ad-2 



M 



167rG 



(2.7) 



where ^_d-2 is the {D — 2) dimensional volume element of the hypersurface parametrized 
by the angular variables in (^.5|). The positions of the horizons are found by setting 
9ttir = Th) = g^'^ir = Vh) = 0, which leads to the polynomial 



+ 



A 



.D-5 



ijj 



0. 



(2.1 



Thus the real roots of ( |2.8| ) give the positions of horizons and the largest root of them is 
the event horizon while the others are inner Cauchy horizons. Putting the value of the 
integration constant oj from ( p. 8] ) into ( |2.7| ), the mass of this black hole can be expressed 
in terms of the radius of the event horizon as 



M 



IQttG 



SD-3) 



+ 



A 



• h 



(2. 



The thermodynamical entities like Hawking temperature and semiclassical entropy for 
the above black hole solution in arbitrary 'I? '-dimensions have been calculated in 
given by 



^H 



h{D - 3) 
4vrr/, 



„2 , g-5 A 

' h "I" D-3 2 

rl + ~^ 



(2.10) 
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and 

Ad 

iGh V D-ir 



h 



respectively. Their derivation |^ follows the original arguments of Hawking based on 
avoiding the conical singularity. One can see from ( |2.11| ) that these black holes do not 
obey the Bekenstein-Hawking area law which states that entropy is one quarter of its 
horizon area. The presence of the Gauss-Bonnet term to the standard Einstein-Hilbert 
term modifies the area law upto an additive term which can itself be written as some 
function of horizon area for any dimension D > 4. However in D = A the additional term 



multiplied by A (see ( 2.11D ) is only an additive constant given by "^^^ 



Gh • 



It is worthwhile to mention that the semiclassical result for black hole entropy for 
Lovelock black holes has also been derived using Wald's entropy formula given by 

•5 = -2vr / 775 ^abecd, (2.12) 

where the diffeomorphism-invariant Lagrangian (£) is constructed by using any combina- 
tion of curvature invariants. Here e^fe is the binormal to the bifurcation (D-2) surface S 
and the integral is taken with respect to the natural, induced volume element on S. It 
is found that the semiclassical entropy contains an extra term other than For the 

Gauss-Bonnet black holes the semiclassical entropy has been calculated in Q which also 
shows a modification to the usual area law. The additional term is the Euler constant of 
the cross section of the horizon. In four dimensions, this constant is fixed for all stationary 
black holes since the horzon topology is 5^ x R. For D > A the horizon topology is not 
unique and this topological contribution to the entropy has more importance. 

2.2 Topological Gauss-Bonnet AdS black holes 

The action consisting of the Einstein-Hilbert plus the Gauss-Bonnet terms with a negative 
cosmological constant A = —{D — 1){D — 2)/2P in D dimensions, is given by 

/ = / d^'x^ (^R + a{R^ + Rafs^^.R"^'"' - ^Rf^uR"! + (-P-l)(^-2) ^ 

(2.13) 

Considering this action Cai [|lO| found the AdS black hole solution in EGB theory. This is 
given by the metric which is not necessarily spherically symmetric, 

ds'^ = -F(r)dt^ + -^dr^ + r^hadx'dx^ (2.14) 
F[r) 

with 



, , , / / 647rGaM 4a\ , , 

^''•' = '-+2a('^\/'+ (P-2)E.r^- -?J <^-'=' 

where a = a{D—3){D—4:). The possible values that k can take are 1, and —1 for which the 
{D — 2) dimensional metric in ( p. 13 ) yields spherical, plannar and hyperbolic symmetry 



-6- 



respectively. Here Ti^ is the volume element of the {D — 2) dimensional hypersurface 
parametrized by the angular variables in (|2.14| ) and for the special case k = 1, i.e. for 
the spherically symmetric case, it exactly matches with A£)^2 in ( |2.9D . The largest root 
of F{r) = defines the event horizon for this case and the mass of the black hole can be 
written in terms of the horizon radius as 

In [^] the Hawking temperature was calculated by the requirement of the absence of 
conical singularity at the horizon in the Euclidean sector of the black hole solution. The 
result is, 

^(AdS) ^ h[{D - l)r^ + {D- 3)kPrl + {D - 5)def] 
H 47rPrh{rl + 2ak) ^ ' 

The semiclassical entropy was calculated by assuming that entropy of the black hole must 
obey the first law of thermodynamics, leading to, 

,(AdS) ^ ^k'i"-'-" ( (P - 2) 2ak 



The same expression for the semiclassical entropy was also found in [^ ] by using the 
regularization of the Euclidean action in a background independent method. 

Let us now compare the two kinds of black hole solutions mentioned in the last two 
sections. Comparing the two actions ( p.4D and ( 2.13| ) we see that for the parameter values 



a = ^, k = 1 and ^ = 0, equation ( |2.13| ) exactly matches with ( |2.4D . Therefore in this 
limiting case there is no difference in the thermodynamical behaviors between these two 
solutions. This is due Birkhoff 's theorem which is well applicable for these one parameter 
spherically symmetric black hole solutions in Lovelock gravity p^]. 

2.3 Gauss-Bonnet dS black holes 

If one includes a positive cosmological constant to the Einstein-Hilbert and Gauss-Bonnet 
terms, given by A = {D — 1){D — 2)/2/^, in arbitrary D dimensions, the action becomes 

/ = / d'^xV^ (^R + a{R^ + R^p.^R'^f^'' - AR^^R^ " ~ ^^^^ ~ )(2.19) 

In |jl2| Cai and Guo discovered the spherically symmetric dS black hole solution corre- 
sponding to this action, given by, 



F{r 

with 



ds^ = -F{r)dt^ + + r^dnfj^_^-^ , (2.20) 



r2 / / 647rGaM , , , 
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Here a = ol{I) — 3){D — 4) and M is an integration constant that matches with the AD 
mass 1 33 1 of the solution. 

The solution for M = is given by the metric coefficient 

(2.22) 




Depending on the effective curvature radius -p— = ~2S \/^~^ T^j' both 

asymptotically dS and AdS cases for the massless solution (even if in the action only the 
positive cosmological constant was considered). When /^g. is positive (negative), one has 
asymptotically dS (AdS) solution. For d > the solution is asymptotically dS for the 
branch with "— " sign in ( |2.22| ) and for "+" sign it is asymptotically AdS. On the other 
hand for d < one has asymptotically dS solution for both branches subjected to the 
condition ^ > —1/4. However, similar to the other two cases, here also the graviton is a 



ghost on the background for the "+" branch of ( 2.21 ) and thus has less physical importance. 
The branch with "— " sign, to be considered in this paper, is always asymptotically dS for 
any sign of a (however for the "— " sign, p- > —1/4 has to be satisfied). 

For the massless Gauss-Bonnet dS black holes there is only one cosmological horizon 
at Tc = /gg- and as the mass (M) increases a black hole horizon (r/j) arises while the cosmo- 
logical horizon (rc) shrinks. The black hole horizon always remains inside the cosmological 
horizon. For the black hole horizon the gravitational mass is given by the AD mass which 



is always positive and for the cosmological horizon it is given by the BBM mass [34| which 



is just negative of the AD mass. With these definitions, the first law of thermodynamics 
is valid for both horizons when they are considered as different thermodynamical systems. 

2.3.1 Thermodynamics of the black hole horizon 

The position of the black hole horizon is given by the second largest root of F(r = = 0). 
The gravitational mass, represented by the AD mass, is given in terms of the black hole 
horizon as 

D-3 ~ 9 



{D-2)AD_2rf-'n , « 



M = ^ (l + --7f) (2.23) 

The requirement of the absence of conical singularity at the black hole horizon in the 
Euclidean sector of the above black hole gives the semiclassical Hawking temperature |12| 

^(dS) _ h[{D - 5)af -{D- l)rl + {D - 3)/V^] 

whereas, the semiclassical entropy is given by 

^(dS) _ fM^_ An-.rf-^^ ( (£-2) 2d\ 

^ - i r(dS) - 4Gn V (^ - 4) r2 ; • (^-^^^ 
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2.3.2 Thermodynamics of the cosmological horizon 

The temperature of the cosmological horizon, calculated by the same process as stated 
earlier for the black hole horizon, is given by ||l^ 

,(dS) _ h[-{D - h) df + {D- l)rt - (D - 3)/2r2i 
AirPrdr'^ + 2d) 

There is an overall sign difference between this and temperature of the black hole horizon. 
Since the total energy associated with the cosmological horizon (BBM energy) is just 
negative of AD energy as given in ( 2.23| ), the first law dM = TdS is well applicable here. 



The semiclassical entropy associated with the cosmological horizon is now given by 

(dS) _ ^D-2rf-^) / {D-2) 2d\ 

- 4Gh V^+P^Tfj- ^^-^^^ 

3. Tunneling mechanism and blackbody spectrum 

Tunneling mechanism is widely used to study Hawking radiation. However the different 



variants 26 1 of the tunneling mechanism only yield the temperature and not the spec- 



trum. This was highlighted in a recent work involving one of us |23] . There it was shown for 
the first time that the tunneling formalism also provides the perfect blackbody spectrum 
of the radiation with the temperature given by the Hawking temperature of a black hole. 
Later this method was used successfully for other non-spherically symmetric spacetimes 
in Einstein gravity |3^. But these works were strictly confined to the Einstein gravity 
only. Now we shall generalize the method to find the blackbody spectrum and Hawking 
temperature for the Lovelock black holes which were introduced in the last section. This 
will make the tunneling method more reliable in the context of Lovelock gravity. 

Let us first consider a spherically symmetric, static spacetime represented by the metric 

ds'^ = -g(r)dt^ + -^dr'^ + r^dnj. n (3.1) 
9{r) 

The positions of the horizons can be found by solving g{r = r^) = 0. For the asymptotically 
flat and AdS black holes there is only one event horizon given by the largest root of this 
equation. For the dS case the largest root gives the position of cosmic horizon and the 
second largest root is the black hole event horizon. 

We start our analysis by considering the massless scalar particle governed by the Klein- 
Gordon equation with the spacetime metric given by (3.1), 

^\d^[g^^'^gd,]^ = Q. (3.2) 



-9 

Since in our analysis we shall be dealing with the radial trajectory it is enough to consider 



the r — t sector of the metric (p.lD to solve (3.2). This equation cannot be solved exactly. 



therefore we choose the standard (WKB) ansatz for $ as 



$(r,t) =exp[-^5(r.t)], (3.3) 



-9- 



where the action is expanded in powers of h; 



5(r,t) =5o(r,t) + ^n^5i(r,t). (3.4) 



i=l 



Now plugging (^) into (|3.2D we get 

'^\~dt) ''^^"^AWJ ~ g{r) dt^ +^^^'■^5^ 
dg{r) dS 

+n— — ^ = 0. (3.5) 
or or 

Taking the semiclassical hmit (^ — > 0), we obtain the first order partial differential equation, 

dSo dSo 

^ = ±5(0^. (3.6) 

This is nothing but the semiclassical Hamilton-Jacobi equation. We choose the semiclassical 
action for a scalar field moving under the background metric (3.1) in the same spirit as 
usually done in the semiclassical Hamilton-Jacobi theory. Looking at the time translational 
symmetry of the spacetime (3.1) we take the form of the semiclassical action as 

So{r,t) = nt + So{r), (3.7) 

where is the conserved quantity corresponding to the time translational Killing vector 
field. It is identified as the effective energy experienced by the particle. Now substituting 
this in one can easily find 

/clr 

—- (3.8) 
9{r) 

Using ( |3.8| ) in ( p.?! ) we finally find the semiclassical action as 

So{r,t)=nit± [ ^). (3.9) 
Now we have the solution for the scalar field ( |3.3D , 



= e-i^(*±^*) (3.10) 

expressed in terms of the tortoise coordinate r* = f We shall require this solution in 
our analysis to find the radiation spectrum for Lovelock black holes. 

3.1 Blackbody spectrum for the black hole (event) horizon 

The first step in the analysis is to find a coordinate system which is regular at the event 
horizon. We do not need to know the global behaviour of the spacetime. If we can find a 
coordinate system in which the metric (|3.1| ) is defined both inside and outside the event 
horizon the purpose is solved. In such a coordinate system we can readily connect the right 
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and left moving modes defined inside and outside the event horizon ^. In appendix (^) a 
Kruskal-hke extension of (|3.1| ) is done by concentrating on the behavior at the black hole 
event horizon only. Earlier, a similar formulation in the context of Lovelock black holes 
was done in Q. In appendix (j^) we show how to identify the left and right moving modes 
inside and outside the event horizon. 

First, it can be noted that the set of coordinate transformations, given in (|All|) and 
( A. 17] ) are connected by the following transformations in {t,r*) coordinate 



tobs 7i 
Ik 



f (3.11) 



In the null coordinates {u,v) (A.5, A.l"3| )these two relations are recast as 



ITT 
K 



Vin = Vobs- (3.12) 



Following 1 23 1, we consider a situation where n number of non- interacting virtual pairs are 
created inside the black hole horizon. The left and right moving modes inside the black 
hole horizon, found in ( 3.1C| ), are then given by ( p.3| ) and ( p.4| ) respectively. Here the 



null coordinates are defined in ( [A. 13 ) with r* given by ( A.12| ). Likewise the left and right 



moving modes outside the event horizon are given by ( p.l| ) and ( |C.2| ) respectively. Now it 
is easy to see that due to the transformation ( |3.12| ) the inside and the outside modes are 
connected by, 

in obs 

= <'bl (3-13) 

Any physical state corresponding to n number of virtual pairs inside the black hole 
event horizon, when observed by an observer outside the horizon, is given by, 

l*> = l-i?) ® l-in ) = ^E-"^l-obs) ^ l-obs)' (3-14) 

n n 



where is a normalisation constant. Here we have used the transformations ( 3.13| ). Now 
using the normalization condition (^'|^') = 1 and considering n = 0,1,2... for bosons or 
n = 0, 1 for fermions, one obtains 



27rn 



%oson) = il-«"^j (3-15) 
%rmion) = (l + ^"^)~' (3-16) 



^We use the subscript "in" for modes inside the event horizon. Since the observer stays outside the 
event horizon we use the subscript "obs" for modes outside the event horizon. 
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Therefore the physical states for them, viewed by an external observer, are given by 



n 

The density matrix operator for the bosons can be constructed as 
^(boson) ~ l^)(boson)(^l(boson) 

= ^l_e ..j^e Kbs^^KbyKbsl^Kbsl ^3.19) 



n,m 



Since the left going modes inside the horizon do not reach the outer observer we can take 
the trace over all such ingoing modes. This gives the reduced density operator for the right 
moving modes as 

^(boson) = \}-^ ""jZ^^ l%bs)^%bsl (3.20) 

n 

The average number of particles detected at asymptotic infinity, given by the expectation 
value of the number operator n, is now given by 

(^) (boson) = t^ace(npj{;|^^^^^) 

= ^ , (3.21) 

e liK — 1 

which is nothing but the Bose-Einstein distribution of particles corresponding to the Hawk- 
ing temperature 

Th = ^ = (3.22) 
^ 27r 47r ^ ^ 

The same methodology, when applied on fermions, gives the Fermi-Dirac distribution with 
the correct Hawking temperature. In the context of Lovelock black holes with distinct 
asymptotic behavior, we now substitute g{r) by the appropriate metric coefficients to 
reproduce the known semiclassical Hawking temperature for each spacetime. 

Now it may be worthwhile to mention that one could have chosen the set of transfor- 
mations ( ^.ll|) with opposite relative sign between two terms at the right hand side, so 
that, 

ITT 

tin ^obs ~l~ 7i 

''^in — ''^obs ~ TT- (3.23) 

For this choice also the inside and outside coordinates ( A. 11] ), (A. 17) are connected. How- 
ever this is an unphysical solution |37|. To see this note that, use of ( |3.23 ), gives 

m obs 

< = e^$l. (3.24) 
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Therefore the probabihties, that the ingoing (left-moving) modes can go inside the event 
horizon {P^) and the outgoing (right-moving) modes can go outside the event horizon, as 
observed from outside, are given by 



= la^ |2 = 1$^. I = 1 

^ l^ml I ^ obs I 



P« = |$fJ^ = e— |cl>l|^ = e— . (3.25) 

In the classical limit {h ^ 0), there is absolutely no chance that any mode can cross the 
event horizon from inside, therefore one must have = 0. But we can see from (|33^ ) 



that it is diverging and therefore the choice ( |3.23| ) is unphysical. It may be worthwhile to 
mention that, interestingly, for the cosmological horizon a choice similar to ( 3.23| ) will be 
physical whereas the other choice similar to ( p.ll| ) is unphysical. 

3.2 Blackbody spectrum for the cosmological horizon 

To find the radiation spectrum for the cosmological horizon we first need to perform two 
tasks. One is the Kruskal-like extension of the space-time ( |3.1| ) just around the cosmological 
horizon which is done in appendix (^). The other requirement is to identify the left and 
right moving modes outside and inside the cosmological horizon which is discussed in 
appendix (^ ^. 

From the Kruskal-like extension it is found that the inside (Tofjg, Xobs) and outside 
(Tout, X out) coordinates, defined in (|B.7] ) and (|B.8|) respectively, can be connected with 
each other by the following relations ^ 



i^out 



ITT 

^obs ~l~ 

Ik 



Z7T 

'"out = ''"obs ~ 7;~- (3.26) 

ZK 



The left and right moving modes inside the cosmological horizon (outside the event horizon) 
are given by ( |C.5 ) and ( p.6| ) respectively, whereas, ( p.7| ) and ( |C.8| ) give left and right 



moving modes outside the cosmological horizon respectively. Using ( p. 261 ) the modes inside 
and outside the cosmological horizon can be connected as 

out obs 

= e-<I>iS (3.27) 



^We use the subscript "obs" for modes inside the cosmological horizon, such that rn < r < Vc, since 
an observer can stay only in this region. The subscript "out" is used for modes outside the cosmological 
horizon. 

''One can again choose the opposite relative signs between the quantities at the right hand side of (3.26). 



With this choice the probability for a right-moving mode to cross the cosmological horizon from inside is 
= 1. The probability for the left- moving mode to cross the cosmological horizon from the outside, 
observed from inside the horizon, is then given by P = e . Since, for the cosmological horizon, Q is 



the BBM energy which is neg ative 0, diver ges in the classical limit (ft 0). Therefore ( p.26| ) is the 
only physical choice for this case. 
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The physical state representing n number of non-interacting pairs, created outside the 
cosmological horizon, when viewed from inside the horizon, is given by 



n 



Here the normahzation constant can be found from (^'|^') = 1 and the physical state 
for bosons and fermions, turns out to be, 

n 

l*)(fermion) = + e"^) E l^obs^ ^ l^obs^ ^^'^^^ 

n 

respectively. The density operator for the bosons is now constructed as 

^(boson) ~ I ^) (boson) I (boson) 

= [l-e-^)^e - Kbs^^KbVKbsl^Kbsl- (2-3^) 

Since in this case right-moving modes are going outside the cosmological horizon, these 
are completely lost. We take the the trace over all such right-moving modes to find the 
reduced density operator for the left-moving modes, given by 



(boson) 



In the case of cosmological horizon the particles are not observed at asymptotic infinity, 
rather in a region in between the event and the cosmological horizon. The average number 
of particles which is detected by an observer in this region is now given by, 

(^)(boson) = t^ace(np|;;)^^^^p 

= -:A — ■ (3-33) 

e hK — 1 

This is again a Bose-Einstein distribution of particles corresponding to the new Hawking 
temperature 



Note that the temperature has the same value ( 3.22 ) as found for the black hole (event) 



horizon but is negative. This negative temperature together with the negative BBM energy 



1 34] of the dS spacetime make the first law of thermodynamics valid for the cosmological 



horizon. 
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4. Blackbody spectrum and corrected Hawking temperature 



We now develop a general framework to find the corrections to the semiclassical Hawking 
radiation for a general class of metric (^^) , where the r — t sector of the metric is decoupled 
from the angular parts. In our previous work we generalized the tunneling method to 
find the corrections to the Hawking temperature for the black hole solution of Einstein- 
Maxwell theory (Kerr-Newman) in (3+1) dimensions by using the method of complex path. 
Now we shall use the modified method , as outlined in the previous section, where one 
can find the radiation spectrum. We now generalize the approach presented in section 3, 
by going beyond the semiclassical approximation, to find the modified radiation spectrum. 
Our analysis shows that the higher order terms in the WKB ansatz, when included in 
the theory, do not affect the thermal nature of the spectrum. Grey-body factors do not 
appear in the radiation spectrum, rather the temperature of the radiation undergoes some 
quantum corrections, with a perfect blackbody spectrum. 

In the beginning of section 3 we only considered the semiclassical action (Sq) corre- 
sponding to the scalar field ansatz (3^) and found a solution for that in ( 3.101) . Now we 
want to follow the approach developed in ||l^ to include all the higher order terms in h 



in the analysis. Putting (3.3) in (3.2) and equating the coefficients of different orders in 
h to zero one finds a set of partial differential equations [|l9|. Each differential equation 
corresponding to any specific power of h can be simplified by the equation coming in one 
lower order in h. This finally yields |l^, |2^, 21, 27, 35| the set of partial differential 
equations for different powers of h, 



dSo 
dt 



±g{r) 



dSo 
dr ' 



(4.1) 



dSi 



±g{r 



dSi 



dt dr 

dS2 _^ . ,dS2 
±g{r) 



dt 



dr 



and so on. Therefore the n-th order solution of (|3.5| ) is given by, 

dSn , .dSn N 

^ = ±5(0^, (4-2) 

where (n = 0, i\ i = l,2, ...). 

Because of this identical set of differential equations, the solutions for other Si{r,tys, 
subjected to a similar functional choice like ( |3.7D , can differ only by a proportionality factor 
from (|3.9| ). Therefore the most general form of S{r,t) can be written as 

oo 

S{r,t) = {l + J2lif^')Mr,t), (4.3) 
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where 7j's are proportionality constants having dimensions of [/i]^'. 

We carry out the following dimensional analysis to express these 7i's in terms of di- 
mensionless constants. The fact that the units of the product of Newton's constant and 
mass density are same in all dimensions yields 

where G is the Newton's constant in four dimensions, given by 

[CI ^ M^f . (4.) 
Putting this in ( [4 .41 ) and replacing L by D-dimensional Planck length (/^^) we get 

In units of G(^) = c = 1, one finds = i^p^ \ ■ The only black hole parameter having 



the unit of length is the horizon radius [r^ or r^. Therefore we can write [/i] ~ ^ or 

[^] ~ for the black hole (event) horizon and the cosmological horizon respectively. 

Now ( |4.3| ) can be written as (for the tunneling through the black hole horizon) 

^(-Ef^)(--/|y). 

where /3i's are dimensionless constants. Finally the cherished solution for the scalar field 
in presence of the higher order corrections to the semiclassical action, follows from ( |3.3| ) 
and (O), 

$ = exp4o(^l + ^-^j(t±r*)]. (4.8) 

The left and right moving modes inside and outside the black hole event horizon, 
following the convention of appendix (^, now becomes 



oo 



(4.9) 
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These inside and outside modes, moving in a particular direction (right or left), can also 
be connected by the set of transformations ( 3.11D or ( 3.12| ). This yields 



^in ^ ^ out 



*S? = *!.2. (4.10) 

where we have substituted 



/ 

K 



- ("■") 



This can be considered as the modified surface gravity in presence of higher h order cor- 
rections to the WKB ansatz. 

The physical state representing n number of virtual pairs inside the horizon, when 
observed from the outside, is now given by 

i*> = A'E i»S?> i'C> = ^'E --^i"S.> ® i"St>- ("-12) 

n n 

Now from here on, it is trivial to check that the whole methodology developed for the 
semiclassical case can be repeated to find the new radiation spectrum. The only difference 
is the redefinition of the surface gravity (k) by k! . The final result for the radiation 
spectrum, for bosons, is now given by 

(boson) = • (4-13) 

e"fi^ — 1 

Now one can see that the spectrum is still given by the blackbody spectrum with the new 
corrected Hawking temperature 



^bh 



(4.14) 

where Tjj is the usual semiclassical Hawking temperature, given by ( 3.22| ). Note that 
( 4.14 ) gives the corrected Hawking temperature for any general static, chargeless black 
hole solutions in EGB theory with an appropriate choice of metric. 

For the cosmological horizon, in presence of other higher order terms in h in the action, 
the relation between right and left moving modes at two sides are given by 

cl.(^) = 

out obs 

<^i2 = (4.15) 
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where k' is defined in ( 4.11 ). Subsequently the new radiation spectrum for the bosons turns 
out to be same as ( p. 21 ) with k' replacing k. Therefore the modified Hawking temperature 
for the cosmological horizon, given by replacing by rc, is 



'ch 



= — 1 + > 



+ i(D-2) 
\ i=l 



i=l 
s -1 



i{D-2) 



(4.16) 



where Tq is the semiclassical temperature given by (3.34). 

The coefficients f3i s' occurring in either ( |4.14 ) or ( |4.16 ) are related to the trace 
anomaly. This will be discussed in section 6. 

4.1 Spherically symmetric, asymptotically flat black holes 

For these black holes g{rh) = f{rh), where /(r) is given by ( |2.6| ). Therefore from ( 4.14| ), the 
corrected Hawking temperature for the spherically symmetric, asymptotically flat Lovelock 
black holes is given by 



'bh 



h{D - 3) 



i{D-2) 



' h 



2 , D-5 X 
' h "T D-3 2 

rl + X 



(4.17) 



The semiclassical Hawking temperature is given by the leading contribution, 

nfirh) n{D - 3) 



^H 



4tt 



^2 I D-5 A 
' h "I" D-3 2 

rl + ~X 



(4.18) 



This is in agreement with ( p. 10 ), present in the existing literature Q, found by follow- 
ing Hawking's original derivation to avoid the conical singularity at the black hole event 
horizon. 



4.2 Topological Gauss-Bonnet AdS black holes 

One can calculate the modified Hawking temperature for the AdS black hole of section 2.2 
just by replacing g{rh) = F{rh) from ( 2.15| ). This would lead to the result, with now 
representing the event horizon radius for AdS black holes, for the black hole temperature. 



p(AdS) 
'bh 



1 + 



i{D-2) 



-1 h[{D - l)rl + D- 3)kl'^r^ + {D - 5)aA;2/2i 
A7rPrh{rl + 2ak) 



h 



-. (4.19) 



Here also at the lowest order in ?i, we get the known value of the semiclassical Hawking 
temperature (p.l7|). 



4.3 Gauss-Bonnet dS black holes 

For the dS black holes in section 2.3 the issue of Hawking radiation is quite subtle because 
there is no notion of spatial infinity as spacetime is bounded by a cosmological horizon. 
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In a work |38] Gomberoff and Teitelboim argued that in the absence of spatial infinity 
one can take either the black hole horizon or the cosmological horizon as the boundary to 
study the thermodynamics of the other horizon. The black hole horizon is always inside the 
cosmological horizon. It is known that both the horizons are involved in Hawking radiation 
and the observer is somewhere in between the two horizons. The Hawking temperature 
associated with these two horizons are not equal. As a result there is no equilibrium between 
them, if they are treated as two different systems. Ideally any observer in between the two 
horizons will get the radiation coming from both the horizons. Unlike the black hole event 
horizon, the pair creation occurs just outside of the cosmic horizon. The outgoing mode 
goes away from the cosmic horizon and the other one tunnels inwards to reach the observer. 

The corrected Hawking temperature associated with the black hole horizon, found by 
using g{rh) = F{rh), is given by 



where the semiclassical Hawking temperature (Tpj ) agrees with (Ipl). 



For the cosmological horizon it is given by (|4.16D and substituting g{rc) = F[rc) we 
find 

(dS) _ ^ /, , V- S* 



i "^c 

where the semiclassical value exactly matches with in ( |2.26| ). 



5. Entropy Correction 

The fact that the higher order corrections to the WKB ansatz yields quantum corrections 
to the black hole temperature enable us to find the entropy corresponding to that modified 
temperature. While doing so we shall use the basic assumption that the Lovelock black 
holes satisfy the first law of thermodynamics dM = TdS. Then one can find the corrected 
entropy of Lovelock black holes corresponding to the corresponding corrected Hawking 
temperature as 

The same method will work for the cosmological horizon (for the Gauss-Bonnet dS black 
holes), where we shall use the modified Hawking temperature of cosmological horizon. 
It may be mentioned that, following this thermodynamical approach, the semiclassical 



entropy was computed in | IC ] and 1 12 ] . Although it is possible to find the correctional terms 



for all orders, here we shall concentrate only up-to leading and sub-leading contributions. 
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5.1 Spherically symmetric, asymptotically flat black holes 

The gravitational mass and corrected Hawking temperature, expressed in terms of the hori- 
zon radius, are given by (2^) and ([4.17 ) respectively. Using these in (|5.l|) and integrating 
up-to second order in h, we get 



bh AGh \ D-Arl)^ AG \ ^^Gh' 2rl 




+ (1-7^)^ +(^(^')- (5-2) 



4G \ JD-2) 

The first term in this expression is the familiar semiclassical entropy for the spherically 
symmetric black hole solutions in Lovelock gravity |p and other terms are coming as 
quantum corrections. The semiclassical result for black hole entropy is not just one-quarter 
of its horizon area. Because of the presence of the Gauss-Bonnet term it is modified upto 
an additive term which also can be written as a function of horizon area. From (K^ it 



is clear that the leading order correction to the semiclassical value is not pure logarithmic 
and also the next to leading correction is not inverse of the horizon area. This is in contrast 
to Einstein's gravity where for the Schwarzschild solution, one has purely logarithmic and 
inverse horizon area terms as the leading and next to leading order corrections, respectively. 
The presence of Gauss-Bonnet term, therefore, modifies the results in a nontrivial manner. 
From ( ^.2| ) it follows that in the limit A = (i.e. without the Gauss-Bonnet term) we 

get 

^bh(^ = 0) = %H + 4^ log'5BH-/^2(^^) ^ 

+0{h^). (5.3) 

This is the corrected entropy for the Schwarzschild solution in Einstein gravity in arbitrary 
D- dimensions and here one has logarithmic and inverse area terms as leading and sublead- 
ing corrections. In particular, for Z? = 4, ( |5.3| ) reproduces the result of corrected entropy 
for the Schwarzschild black hole, found in tunneling [Q, or path integral |4^] approaches, 
where the coefficient of the logarithmic term is given by ^ (in c = G = = 1 unit). 

5.2 Topological Gauss-Bonnet AdS black holes 

The corrected entropy for these black holes can be calculated by integrating the first law 
of thermodynamics ( ^.1| ) with the modified temperature ( 4.1S| ) and black hole mass ( 2.16| ), 
which yields 



oAdS Sfc^f''^ (, , D-22ak\ (3^^, I .^,(^h~\ {D-2)ak\ 

^bh - AGh v^D^^)^^y°^^~Gtr' ^2 j 
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Now it is interesting to see that for k = the functional form of corrected entropy 
( |5.4| ) is identical to the result found for Einstein gravity (^^), although the two cases differ 
drastically. For A; = one has a zero curvature hypersurface representing an event horizon 
and for the second case one does not have the Gauss-Bonnet term in the theory. Previously, 
this particular phenomena was known for the semiclassical case only, but here we can see 
the same is true also for the corrected form of entropy. 

5.3 Gauss-Bonnet dS black holes 

For the dS black holes we have to find the correctional terms to the semiclassical entropy 
separately for the black hole (event) horizon and the cosmological horizon. 

5.3.1 Black hole horizon 



Using the gravitational mass or the AD mass of the black hole from ( 2.23| ), the modified 



Hawking temperature from ( 4.20| ) and integrating the first law of thermodynamics 
we get 

5.3.2 Cosmological horizon 

The gravitational mass corresponding to the cosmological horizon, given by the BBM 
prescription |^^, is just negative of the AD mass ( |2.23| ) with Tc replacing r^. Now using 
(4.21) in ( ^ ) (with replacing T^\^-, one can calculate the corrected entropy associated 



with the cosmological horizon, 
odS _ AD-2ri 




(5.6) 



6. Trace anomaly and coefficient of the leading correction 



In this section we relate the coefficient (/3i) of the leading correction to entropy for various 
cases ( |5.2D , ( ^.4]) , ( ^.5[ ) and ( ^.6[ ) with the trace anomaly of the stress tensor for the scalar 
field, moving in a background of '-D' dimensional curved spacetime. For that we use the 
method of complex path proposed in |2^ and which has been used earlier for the same 
purpose in [Q, 21 1. In this method particle creation occurs just inside the black hole horizon 



(just outside the cosmological horizon(CH)). One mode is attracted towards the center of a 
black hole and the outgoing mode tunnels through the black hole (event) horizon, traversing 
a complex path which is forbidden classically (for CH the outgoing mode goes away while 



the ingoing mode tunnels inside). In our convention the + (— ) sign in (4.7) or ( |4.8D implies 
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that the particle is ingoing (outgoing). The expression for the ingoing and outgoing scalar 
field modes, following from ( [4.8D , are then given by 



= ^ + E4^]it- f^,)] (6.1) 



^ V i rr~'^ J Jc 9{r) 

For the black hole event horizon the contour is chosen such that it starts just behind the 
event horizon left to right along a semicircle, in the lower half of the complex plane, just 
avoiding the singularity at the (event) horizon. The ingoing and outgoing probabilities for 
the respective modes in the case of black hole (event) horizon are given by 



Pin = exp 
Pout = exp 



1 fi* / I' dr \i 



'h 

Since classically the ingoing probability Pj„ = 1, one has 

Im t = -Im / — - (6.3) 

Jc 9{r) 

for the black hole horizon. 

Now let us make an infinitesimal scale transformation to the metric coefficient of 
the Lovelock spcetime as (ftt{f) = kgtt{r) ~ (1 + 5k)gtt(r) and g^^{r) = k~^g"'{r) ~ 
(1 + 5k)~^ g^^ {r) . The invariance of the Klein-Gordon equation under this transformation 
enforces the field (<I>) to transform as ^ = k~^^. Now consider the action for the massive 
scalar field in arbitrary 'D' dimensions, given by 

S = ^j V^(V^W^$ - m^<^>'^)d^x, (6.4) 

where m is the mass of the scalar field^. From this one finds that the dimension of ^> is 
given by, 

[$] . [M](^-)/2 ~ (6.5) 



Comparing the scalar particle action from (B^) and (|4.7D one has 



Im5rt(r, t) = -^IuiS^^\r, t). (6.6) 



^We keep m here only for the dimensional analysis, otherwise it is always zero in our analysis which 
considers the tunneling of massless scalar fields. 
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Now concentrating on the tunneling from the black hole (event) horizon and using (^.7]), 
( |3^ ) and (|63|), we get 

Im5o°"*(r,t) = -2mm /" 4^ (6.7) 

Jc 9{r) 

Under scale transformation the scalar field transforms as $ = k~^^. Therefore from 
( |6.5| ) it follows that the mass and length scales should be changed as M = k~'^^^^~'^^ M ~ 
{l-^Sk)M and (1/Z) = A;-2/(-D-2) (l/L) ~ {l-^6k){l/L) respectively. The same is 
true for the gravitational energy (J7) and horizon radius {r^ or Vc) of the Lovelock spacetime 
in arbitrary 'D' dimensions. From these we can calculate the transformed form of (|6.6|). 
This is found to be, 

lmSr\r,t) = -^lmS^^\r,t) ^ ^^^(1 - -^<5fc)Im5°^t(r, t). (6.8) 



which leads to 



(5Im5f (r, t) ImS?^^ {r,t) - Im5f (r, t) 



6k 5k 



-Im / 4.. (6.9) 



Considering the scalar field action (|6.4| ) it can be shown that under a constant scale trans- 
formation g^i, , the action is not invariant in the presence of trace anomaly, since 

5lmS 1 



6k 



ilm J d^xV^((T';,)(i) + (r^^)(2) + ...), (6.10) 



where (T'^)^*-*' s are the trace of the regularized stress energy tensor calculated for i-th 



loop. Considering one loop only and comparing ( |6.9[ ) and (6.10) we find the coefficient of 
the leading correction to the semiclassical entropy as 

^--(-/.|))^^^^^S^-/^^^^^-^ 

- ^''"'^C^^^Im/d^x^(r%)«. (6.11) 



Note that this is the undetermined coefficient (/?i) that occurs in the expressions of the 
corrected entropy (^), ( ^ ) and (|5.5D. 

For Gauss-Bonnet dS black holes we have found the expression of the corrected entropy 
associated with the cosmological horizon (|5.6D . We can follow a strategy, similar to the 
previous one, to relate /3i appearing in (|5.6| ), with the trace anomaly. For that first note 
that in the case of cosmological horizon the ingoing mode can always cross the cosmological 
horizon to reach the observer. Therefore, unlike the black hole horizon, here one has Pm = 1 
in the classical limit and from ( |6.2| ) it follows that 

Im t = Im / — - (6.12) 

Jc 9[r) 
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and consequently 



dr 



(6.13) 



ic air)' 

Now using the infinitesimal scale transformation to the metric coefficients and following 



the earlier methodology one would find /3i appearing in (5^) as 



Im 



dr 
C 9{r] 



-1 



{D - 2)r, 



(D-2) 



1617 



Im / d^x 



(6.14) 



Here the contour is chosen as a semicircle in the lower region of the complex plane, going 
from right to left, starting from just outside the cosmological horizon to the inner region 
avoiding the singularity at the cosmological horizon. 

It is evident from ( |6.1lD and ( |6.14 ) that the explicit calculation of (3i, therefore, needs 
prior knowledge of the trace anomaly in 'D' dimensions. In the following we shall take 
specific metrics to give a simplified expression for f3i. However, since there is no known 
result of trace anomaly for any dimension Z) > 4 we shall not be able to give an explicit 
value for (5i. 



6.1 Spherically symmetric, asymptotically flat black holes 



We can simplify [5i in ( |6.11 ) by using g{r) = f{r) from ( |2.6D , ( |2.7D , ( p.9D to give the 
corrected entropy ( |5.2| ). Also since $7 in ( |3.7| ) is the conserved quantity corresponding to 
the time translation Killing vector field, it is nothing but the total gravitational energy or 
equivalently the mass of the black hole, given by (|2.9|). Using these we get 



flat 



2G[{D 



3)rl + liD 



{ri + X){2ri + X)An-2 



Im 



(6.15) 



The expression of trace anomaly in the background of a curved spacetime is not known for 
dimensions greater than four. Therefore we cannot integrate this expression in general to 
find Pi . Now the corrected entropy of the spherically symmetric asymptotically flat black 



holes can be found from (5^) and ( 6.15 ) as 



flat 
bh 



(D-2) 




+ 0{h). (6.16) 



For D = 4: the expression for the trace anomaly is known |41] and the integration can be 
performed. We did this in our previous works for the Schwarzschild black hole [Q, 21]. The 
coefficient of the leading correction to entropy was found to be ^ for that case. 
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6.2 Topological Gauss-Bonnet AdS black holes 

The metric coefficients g{r) = F{r) are given by ( p^ ). Substituting this in ( |6Jl| ) one can 
perform the contour integration around the event horizon (r/^) and replacing 17 by the total 
gravitational mass (M) we find the coefficient of the leading non-logarithmic correction to 
the entropy as 

,AdS _ G[{D - l)r4 + {D- 3)kPrl + {D - 5)akn^^ 



Pi 



-Im 



d^x^/^(T%)«.(6.17) 



Therefore the expression of the corrected entropy is given by 



5^ 



AdS 
bh 



1 + 



D 



4 ^2 



D-2 2ak\ {D - l)rl + {D - 3)kl'^rl + {D - 5)ak'^P 



AP{rl + 2dk){k+^+'^ 



2 

7^) 




{D - 2)ak 



+ oih). 



(6.18) 



6.3 Gauss-Bonnet dS black holes 



Let us first consider the corrected entropy associated with the black hole horizon (^.51). 
Performing the contour integral in ( |6.11| ) around the black hole horizon and identifying 
as the gravitational AD mass ( |2.23| ), we get 

G[{D - 3)Prl -{D- l)rl + {D - 5)af^ 



Pi Ibh 



AD-2{rl + 2a){l + ^ 



■A 



-Im 



(6.19) 



Therefore the corrected entropy associated with the black hole horizon for the dS black 
holes is given by 

(D - 3)r2/2 _ _ i)r4 + _ 5)a/2 



dS 
bh 



4Gh 



1 + 



D-22a 



4/2(r2+2d)(l + 




{D - 2)d 



+ 0{h). 
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For the cosmological horizon the identification of $7 is done with the BBM mass which 
is just the negative of the AD mass with rc replacing r/j. The coefficient of the leading 
correction is then simplified as, 



odSi 
Pi Ich 



G[{D - 3)/2r2 -{D- l)r^ + {D -5)aP] ^^ 



Ai5-2(r-2 + 2d)(l + 



(6.21) 



The corrected entropy of cosmological horizon of the Gauss-Bonnet dS black hole now 
follows from ( |5.6| ) and ( |6.21D , 
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(6.22) 
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7. Conclusions 



Let us now summarize the work carried out in this paper. We showed, adopting the tun- 
nehng method advocated in |23, 24 1, that Lovelock black holes do emit scalar particles and 
fermions with a perfect blackbody spectrum with a temperature given by the semiclassical 
Hawking temperature. This result, which is a new finding, was derived for both black hole 
(event) horizon and cosmological horizon of Lovelock black holes. It was also found that 
in the presence of quantum corrections to the WKB ansatz the blackbody nature of the 
modified radiation spectrum does not change. Greybody factors were absent, rather the 
temperature received some corrections. We calculated the corrected Hawking temperature 
for both the black hole (event) horizon and also for the cosmological horizon for different 
spacetimes in Lovelock gravity. 

The temperature corresponding to the modified spectrum, as calculated by us, repro- 
duced the Hawking temperature at the lowest order. Using the first law of thermodynamics 
the modified entropy corresponding to the corrected Hawking temperatures was calculated 
for different cases. It is a well known fact that Lovelock black holes do not obey the 



semiclassical area law [H, 10, 12|. This modified semiclassical area law was reproduced 



here as the lowest order contribution. One of the new results reported in this paper was 
that the higher order corrections to entropy did not involve the famous logarithmic and 
inverse area corrections. The modified corrections were shown to be a consequence of the 
Gauss-Bonnet term. When the coupling constant of the Gauss-Bonnet term vanished one 
was left with the semiclassical area law. Also, the standard logarithmic and inverse area 
corrections were reproduced in the higher orders. We expressed the coefficient (/?i) of the 
leading (non logarithmic) correction in terms of the trace anomaly of the stress tensor by 
making infinitesimal scale transformation of the metric coefficients. 

Some useful definitions were summarised in the appendices. Particularly, Kruskal-like 
extensions for the black hole (event) and cosmological horizons were performed here. 
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A. Kruskal-like extension for the black hole (event) horizon 

To perform a Kruskal-like extension of a general chargeless, static metric ( |3.1[) , we first 
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define the tortoise coordinate as 

dr 



9{r) 



(A.l) 



It is known that the spacetime structure of the extended regions are extremely sensitive to 
the different choices for g{r). In order to study the behaviors of the outgoing and ingoing 
modes with respect to the black hole event horizon (r/j) we actually need to see only the 
behavior of the spacetime in a very narrow region just inside and outside of r^- Therefore, 
for our purpose, we first take the near horizon limit of the metric coefficient, 

9{r) = (r - r,)g'(r,) + ^l^lh}^g" {m) + 0{r - r^f (A.2) 

In the following we shall consider two different cases for inside and outside (where an 
observer is present) the event horizon to show that the same spacetime metric is valid in 
both the regions. 

Case I: When r = t^^^ > rh (Outside the event horizon): At a distance (p) just 
outside the horizon, r = + p, such that \p\ « rh, one has dr = dp and 

9ir)=P9'irh) + ^9"irh)+(D{p') (A.3) 
Therefore ( [A.l[) can be integrated over this narrow region to yield 



9'irh) 9'{rh)+ P9"{rh)/2' 



9'irh) 9'irh) + {r - rh)g"{rh)/2 
The advanced and retarded time coordinates, in this region, are usually defined by 

Vobs — tobs ~l~ r^fyg 

Uobs = tobs - ?^ofe (A.5) 



respectively. With these definitions ( |3.1| ) becomes 

ds"^ = -gir)duobsdvobs + r'^d^\)_2 (A.6) 
Now we make the following two successive coordinate transformations 

Vobs = e""°''= 

Uobs = -e-''"°''». (A.7) 

Also, 

iVobs + Uobs) 



Tobs 



2 



Xobs = .^""^^ (A.^ 
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where k is a constant that will be identified later with the surface gravity. With these 
transformations we find the desired form of the r — t sector of the metric in Kruskal 
coordinates, 



ds' = -^-lL±e--'^^o,s{dTl, - dXt,,). (A.9) 



Putting the values of g{r) from (A. 2) and r* from ( [A.4| ) into the spacetime interval ( [A.9 ) 



and simplifying the pre-factor by choosing k to be the surface gravity (k = 5'(rj^)/2), we 
find 

ds^ = ^ ^-{-dTl^ + dXl^). (A.IO) 



Now using ( [A. 7] ) and ( |A.^ ) we find the Kruskal-like coordinates which are valid outside the 
event horizon where the observer is present, are given by 

Tabs = 6"""°''= Sinh Ktobs 

Xohs = e'^^'ob^ cosh Ktobs- (A.ll) 

This clearly shows, irrespective of choosing any particular g{r), at the event horizon (r = r/j 
or p = 0) one does not have any spacetime singularity in this Kruskal-like extension ( |A.1C| ) . 
Therefore one can easily make the extension of the spacetimes (p.5|), ( 2.14| ) and ( |2.20| ) with 



appropriate choice of coordinates. The same is true if one considers higher order terms 
in the expansion ( [A.2p . The only finite contribution to the interval ( A.10| ) comes from 



the linear term in the expansion ( A. 2 ) while others vanish at r = r/j. This consistency is 
essential for the calculation of the blackbody spectrum. 

Case II: When r = r^^ < (Inside the event horizon): Let us now consider a 
situation at a distance p inside the event horizon. Here r = r^^ = rh — p and dr = —dp. 
Using the same expansion ( [A.3| ) and integrating ( [A.l| ), we get the required expression for 
the tortoise coordinate inside the event horizon, 

- - ^ .ln[ P 



g'{rh) g'irh)- pg"irh)/2' 



g'{rh) g'{rh) - {rh - r)g"{rh)/2 
Consider the following coordinate transformations. 



and 



Vin — tin ~\~ ''in 

"^in — tin ^in' (A. 13) 



Vin = e'^"'" 

Uin = e"''"'". (A. 14) 
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Also 

{Vin + Ui, 



Tin - 2 

= ^^^""^^"^ (A.15) 

With these coordinate transformations in (^]^) we are finahy left with a metric whose r — t 
sector is given by 

4 ( g'^rhf + M^nMlSnA{r _ + fe)!(r - Thf) 
ds' = H-dTl + dXl). (A.16) 

The new Kruskal coordinates which are valid inside the event horizon are now found from 
dO^ ), ( [Al^ and ( |Al5| ), 



Tin = e'^'^i" cosh in 

= e'^^'-sinhKiin. (A.17) 

One can now realize that all the coordinate transformations used here are identical to 
the previous case for r > rj^ except for the definition of Uin- There is a relative sign 
difference between the functional choice of Uin and Uobs- This new definition ensures that 
the inner portion of the extended spacetime metric remains timelike. If one follows the 
earlier definition he/she will end up with a spacelike metric interval which we want to avoid 
because there is no coordinate singularity at the event horizon. Therefore one can conclude 
that 

ds^ = ^(-dT^ + dX"^) (A.18) 

g [rhr 

is the only metric which is valid in a narrow region on both sides of the event horizon 
and the Kruskal coordinates outside (where the observer is present) and inside the event 
horizon are defined by ( A.ll| ) and ( [A.17 ) respectively. 



B. Kruskal-like extension for the cosmological horizon 

To see the behaviour of the spacetime ( p.l| ) at the cosmological horizon it is required to 
expand g{r) near the cosmological horizon (rh), given by 

g{r) = {r- r,)g'{r,) + t^g"^r,) + 0{{r - r,f). (B.l) 

The tortoise coordinates inside (where the observer is present; r = r^hs < rc) and outside 
(r = rout > fc) the cosmological horizon are defined by 

* _ ^ 1 r (re — r) (Yi 2) 

9'{rc) g'{rc)-{r,-r)g"{r,)/2^ ^ ' ^ 
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and 

" VK) ^''^9'{rc) + [r-rlg"{r,)/2^ ^^'^^ 

respectively. The sets of null coordinates inside and outside the cosmological horizon are 
defined as 

Vobs — ^obs ~l~ ^obs 

Uobs = tabs - r*obs (B.4) 

and 

"Vout — tout ~l~ "^out 

Uout = tout - r*^t (B-5) 

respectively. Now by exactly mimicking the methodology developed for the case of black 
hole horizon it can be shown that the metric 

ds^ = = L^-dT^ + dX^) (B.6) 



is defined both inside and outside the horizon. This is the analogue of ( A.lg| ). This time 



the Kruskal-like coordinates in the region inside and outside the cosmological horizon are, 
respectively, given by 

Tobs = e'^"'"'"' cosh Ktobs 

Xobs = e<f»sinhKU^ (B.7) 

and 

Tout = e"""""* sinh Ktout 

Xout = e'^'^o^^smh Ktout, (B.8) 
where K = ^ is the surface gravity at the cosmological horizon. 

C. Identification of right and left moving modes 

To identify different modes in different regions we use the following convention. If the 
eigenvalue of the radial momentum operator j5(r) , while acting on a specific solution of the 
semiclassical (WKB) mode ( 3.10| ), is positive, then the mode is right-moving (outgoing). 



Similarly a left-moving (incoming) mode corresponds to a negative eigenvalue. In this 
convention the spacelike nature of p{r) must be kept unchanged in any region (i.e. inside 
or outside the horizon) of the spacetime. 

Black hole horizon: For all Lovelock black holes, considered in this paper, 0, (which 
is the conserved quantity to the timelike Killing vector) is nothing but the mass (M) of 
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the black hole. In a region outside the event horizon (position of the observer) (r > r^), 
p{r) = —ih-^ and the left (L) or right (R) moving modes are found as 

= e-i^^"^^ (C.l) 

= e-:|f^"°6^ (C.2) 



To keep the spacelike nature of the momentum operator inside the black hole event horizon, 



one must use the definition p{r) = ih-i-. Using this one can identify 



= e-i^"'" (C.3) 
= g-^f^"-. (C.4) 

as the left and right moving modes respectively. 

Cosmological horizon: For the Gauss-Bonnet dS black hole we have an extra cos- 
mological horizon. Here J7 or equivalently the gravitational mass is given by the BBM mass 
\M which IS negative. In a region inside the cosmological horizon where the observer is 



present (r^ < r < rc), p{r) = —ih-^, and one can identify the left and right moving modes 
as 

= 6"!^'^°''= (C.5) 
<P^f^^ = e-i^'''"'^ (C.6) 

Similarly outside the cosmological horizon (r > rc), one has p{r) = ih-^, therefore one 
finds 



= (C.7) 

^out = e-i^^°-, (C.8) 



as the left and right moving modes respectively. 
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